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The influence of long-range spin and charge fluctuations on spectra of the two-
dimensional fermionic Hubbard model is considered using the strong coupling diagram
technique. Infinite sequences of diagrams containing ladder inserts, which describe the
interaction of electrons with these fluctuations, are summed, and obtained equations are
self-consistently solved for the range of Hubbard repulsions 4t ≤ U ≤ 8t and temper-
atures 0.3t . T . t with t the intersite hopping constant. It was found that a metal-
insulator transition curve goes from larger U and T to smaller values of these parameters.
The temperature decrease causes the transition to the long-range antiferromagnetic or-
der. It is responsible for the splitting out of a narrow band from a Hubbard subband
with doping for U = 8t and low T . This segregated band is located near the Fermi level
and forms a pseudogap here.
Keywords: Hubbard model; strong coupling diagram technique; density of states
1. Introduction
The influence of charge and spin fluctuations on spectra of the fermionic Hubbard
model has been attracting considerable attention due to the intimate relation of
this problem to the momentum dependence of the electron self-energy and pos-
sible orderings of carriers. Short-range fluctuations were considered using Monte-
Carlo simulations,1 cluster approximations2 and strong coupling diagram technique
(SCDT).3 More distant fluctuation were taken into account using the dynamic ver-
tex approximation4 and dual fermion approach.5 The two latter methods use results
of the dynamic mean-field approximation6 for calculating infinite sums of ladder di-
agrams. Among results of the foregoing works the description of antiferromagnetic
fluctuations, a pseudogap near the Fermi level and refined boundaries of the Mott
metal-insulator transition can be mentioned.
In this work, we use the SCDT7 for investigating the influence of long-range spin
and charge fluctuations on spectra of the two-dimensional (2D) repulsive Hubbard
model. In previous works7 it was shown that already two lowest-order diagrams
in the expansion of the irreducible part are enough for describing the Mott metal-
insulator transition. Moreover, this approximation was demonstrated8 to give spec-
tral functions in a reasonable agreement with Monte Carlo results9 for moderate
1
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U and T . In this work, infinite sums of diagrams with ladder inserts are included
into the irreducible part together with local terms of lower orders, and the obtained
integral equations for the one-particle Green’s function are self-consistently solved
for the ranges 4t ≤ U ≤ 8t and 0.3t . T . t. The diagrams with ladder inserts
describe the interaction of electrons with spin and charge fluctuations.10 In this
work, the longitudinally irreducible ph vertex is approximated with its lowest-order
term – the second-order cumulant of electron operators.
Considering the case of half-filling we found that the curve separating metallic
and insulating solutions is close to that obtained with account of only short-range
flactuations3 and runs from larger U and T to smaller values of these parameters.
With account of long-range spin fluctuations the system undergoes the transition to
the long-range antiferromagnetic order. The finite transition temperature, TAF ≈
0.2t, is in contradiction with the Mermin-Wagner theorem11 and indicates that
the used approximation somewhat overestimates the interaction. The ordering is
responsible for the splitting out of a narrow band from a Hubbard subband with
doping for U = 8t and low T . The band is located near the Fermi level and form a
pseudogap here.
2. Main formulas
The Hamiltonian of the 2D fermionic Hubbard model12 reads
H = −
∑
ll′σ
tll′a
†
l′σalσ +
U
2
∑
lσ
nlσnl,−σ, (1)
where 2D vectors l and l′ label sites of a square plane lattice, σ = ±1 is the spin
projection, a†
lσ and alσ are electron creation and annihilation operators, tll′ is the
hopping constant and nlσ = a
†
lσalσ. In this work only the nearest neighbor hopping
constant t is supposed to be nonzero.
We shall consider the electron Green’s function
G(l′τ ′, lτ) = 〈T a¯l′σ(τ
′)alσ(τ)〉, (2)
where the statistical averaging denoted by the angular brackets and time depen-
dencies a¯lσ(τ) = exp (Hτ)a
†
lσ exp (−Hτ) are determined by the operator H =
H−µ
∑
lσ nlσ with the chemical potential µ. The time-ordering operator T arranges
operators from right to left in ascending order of times τ . In the case of strong elec-
tron correlations, U ≫ t, for calculating this function we use the SCDT.7 In this
approach, Green’s function is represented by the series expansion in powers of tll′ ,
each term of which is a product of the hopping constants and on-site cumulants of
creation and annihilation operators. These terms can be visualized as a sequence of
directed lines corresponding to the hopping constants tll′ , which connect circles pic-
turing cumulants of different orders. All these terms can be summed in the following
expression for the Fourier transform of Green’s function (2):
G(kj) =
{[
K(kj)
]−1
− tk
}−1
, (3)
July 24, 2018 14:23 WSPC/INSTRUCTION FILE ECSN˙Sherman
Spin and charge fluctuations in spectra of the Hubbard model 3
= - + 1
2
- 1
6
-1
2
(a) (b) (c) (d)
(e)
K
-
(f)
- ...
(g)
Fig. 1. Diagrams of several lowest orders in K(kj).
where k is the 2D wave vector, j is an integer in the Matsubara frequency ωj =
(2j − 1)piT , tk is the Fourier transform of tll′ and K(kj) is the irreducible part
– the sum of all irreducible two-leg diagrams, which cannot be divided into two
disconnected parts by cutting a hopping line. Several lowest order terms of the
expansion for K(kj) are shown in Fig. 1. The linked-cluster theorem is valid and
partial summations are allowed in the SCDT. Therefore bare internal lines tk in
Fig. 1 can be transformed into dressed ones,
θ(kj) = tk + t
2
kG(kj). (4)
In Fig. 1, diagrams (a) and (b) contain on-site cumulants of the first C1 and
second C2 orders. These diagrams as well as diagrams (c) and (d), which give small
corrections, are local and their Fourier transforms are independent of momentum.
In this work, in addition to diagrams (a) and (b) we take into account an infinite
sequence of diagrams containing ladder inserts. Several diagrams of this type are
shown in the second row in Fig. 1. These diagrams are of interest, since sums of
ladders Vc and Vs define charge χc(kν) and spin χs(kν) susceptibilities.
10 Therefore,
diagrams with ladder inserts describe interactions of electrons with spin and charge
fluctuations. Diagrams entering into Vc and Vs are shown in Fig. 2. In the general
case circles in Fig. 2 denote the sum of all four-leg diagrams, which cannot be
divided into two disconnected parts by cutting two horizontal particle-hole hopping
lines V ph
ir
. In this work this sum is approximated by its lowest-order term – the
second-order cumulant C2. As follows from the previous results,
10 it is a reasonable
approximation. As a result the irreducible part reads
K(kj) = C1(j)−
T
N
∑
k′j′
θ(k′j′)
[3
2
Vs,k−k′(jσ; jσ; j
′,−σ; j′,−σ)
+
1
2
Vc,k−k′(jσ; jσ; j
′σ; j′σ)
]
+
T 2
2N2
∑
k′j′ν
θ(k′j′)Tk−k′(j + ν, j
′ + ν)
×
[
C2(jσ; j + ν, σ; j
′ + ν,−σ; j′,−σ)C2(j + ν, σ; jσ; j
′,−σ; j′ + ν,−σ)
+
∑
σ′
C2(jσ; j + ν, σ
′; j′ + ν, σ′; j′σ)C2(j + ν, σ
′; jσ; j′σ; j′ + ν, σ′)
]
, (5)
where sums of ladder diagrams Vs and Vc satisfy Bethe-Salpeter equations (BSE)
and Tk(jj
′) = N−1
∑
k′
θ(k + k′, j)θ(k′j′).
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Fig. 2. Two types of infinite sums of ladders contributing to susceptibilities and, as diagram
fragments, to K(kj).
Equations for second-order cumulants were derived in earlier works.7,10 They
are rather cumbersome. However, the equations can be significantly simplified in
the case
T ≪ µ, T ≪ U − µ. (6)
For U ≫ T this range of µ contains the most interesting cases of half-filling,
µ = U/2, and moderate doping. For the conditions (6) the first- and second-order
cumulants read
C1(j) =
1
2
[g1(j) + g2(j)] ,
C2(j + ν, σ; jσ
′; j′σ′; j′ + ν, σ) =
1
4T
[
δjj′
(
1− 2δσσ′
)
(7)
+δν0
(
2− δσσ′
)]
a1(j
′ + ν)a1(j)− δσ,−σ′B(jj
′ν),
where
g1(j) = (iωj + µ)
−1, g2(j) = (iωj + µ− U)
−1,
B(jj′ν) =
1
2
[
a1(j
′ + ν)a2(jj
′) + a4(j
′ + ν, j + ν)a3(jj
′)
+a2(j
′ + ν, j + ν)a1(j) + a3(j
′ + ν, j + ν)a4(jj
′)
]
,
a1(j) = g1(j)− g2(j), a2(jj
′) = g1(j)g1(j
′),
a3(jj
′) = g2(j)− g1(j
′), a4(jj
′) = a1(j)g2(j
′).
Substituting (7) into the BSE for Vs we get
Vsk(j + ν, j, j
′, j′ + ν) =
1
2
f1(k, j + ν, j
′ + ν)
×
{
2C2(j + ν, σ; jσ; j
′,−σ; j′ + ν,−σ) +
[
a2(j
′ + ν, j + ν)
−
δjj′
T
a1(j
′ + ν)
]
y1(kjj
′) + a1(j
′ + ν)y2(kjj
′)
+a4(j
′ + ν, j + ν)y3(kjj
′) + a3(j
′ + ν, j + ν)y4(kjj
′)
}
, (8)
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where f1(kjj
′) =
[
1 + 1
4
a1(j)a1(j
′)Tk(jj
′)
]−1
and
yi(kjj
′) = T
∑
ν
ai(j + ν, j
′ + ν)Tk(j + ν, j
′ + ν)Vsk(j + ν, j, j
′, j′ + ν).
Equations for yi(kjj
′) are derived from Eq. (8),
yi(kjj
′) = bi(kjj
′) +
[
ci2(kjj
′)−
δjj′
T
ci1(kjj
′)
]
y1(kjj
′)
+ci1(kjj
′)y2(kjj
′) + ci4(kjj
′)y3(kjj
′) + ci3(kjj
′)y4(kjj
′), (9)
where
bi(kjj
′) = −
1
4
ai(jj
′)a1(j)a1(j
′)Tk(jj
′)f1(kjj
′) +
[
a2(jj
′)−
δjj′
T
a1(j)
]
ci1(kjj
′)
+a1(j)ci2(kjj
′) + a4(jj
′)ci3(kjj
′) + a3(jj
′)ci4(kjj
′),
cii′ (kjj
′) =
T
2
∑
ν
ai(j + ν, j
′ + ν)ai′(j
′ + ν, j + ν)
×Tk(j + ν, j
′ + ν)f1(k, j + ν, j
′ + ν).
Thus, the solution of the BSE was reduced to the solution of the system of four
linear equations (9) with respect to four variables yi(kjj
′).
In the same manner we can solve the BSE for Vc,
Vck(j + ν, j, j
′, j′ + ν) =
1
2
f2(k, j + ν, j
′ + ν)
[
2
∑
σ′
C2(j + ν, σ
′; jσ; j′σ; j′ + ν, σ′)
−a2(j
′ + ν, j + ν)z1(kjj
′)− a1(j
′ + ν)z2(kjj
′)− a4(j
′ + ν, j + ν)z3(kjj
′)
−a3(j
′ + ν, j + ν)z4(kjj
′)
]
, (10)
where f2(kjj
′) =
[
1− 3
4
a1(j)a1(j
′)Tk(jj
′)
]−1
and
zi(kjj
′) = T
∑
ν
ai(j + ν, j
′ + ν)Tk(j + ν, j
′ + ν)Vck(j + ν, j, j
′, j′ + ν).
The four quantities zi(kjj
′) are obtained from the system of linear equations,
zi(kjj
′) = di(kjj
′)− ei2(kjj
′)z1(kjj
′)− ei1(kjj
′)z2(kjj
′)
−ei4(kjj
′)z3(kjj
′)− ei3(kjj
′)z4(kjj
′) (11)
with
di(kjj
′) =
3
4
ai(jj
′)a1(j)a1(j
′)Tk(jj
′)f2(kjj
′)− a2(jj
′)ei1(kjj
′)
−a1(j)ei2(kjj
′)− a4(jj
′)ei3(kjj
′)− a3(jj
′)ei4(kjj
′),
eii′(kjj
′) =
T
2
∑
ν
ai(j + ν, j
′ + ν)ai′ (j
′ + ν, j + ν)
×Tk(j + ν, j
′ + ν)f2(k, j + ν, j
′ + ν).
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Fig. 3. The density of states for U = 8t, µ = 4t and temperatures T = 1.07t (a), 0.64t (b) and
0.32t (c).
Equations (3), (5), (9) and (11) form a closed set for calculating G(kj) that
can be solved by iteration. Green’s function of the Hubbard-I approximation12 was
chosen as the starting one in this procedure. Calculations were mainly performed
in 8×8 and 16×16 lattices.
3. Results of calculations
In this sections calculated densities of states (DOS) ρ(ω) = −(piN)−1
∑
k
ImG(kω)
are shown. The analytic continuation from imaginary to real frequencies ω was
performed using the maximum entropy method.13 Let us start from the case of
half-filling, µ = U/2. Figure 3 shows the temperature variation of the DOS for
U = 8t. Mott gaps around ω = 0 are well seen in panels (b) and (c), pointing to
insulating states. The DOS in panel (a) has a small finite intensity near ω = 0. This
finite intensity may be an artefact of the analytic continuation. As in the lower-
order calculations,3,8 the density is suppressed near frequencies ω = ±U/2. These
pseudogaps together with the dip near ω = 0 give a four-band shape to the DOS.
An analogous four-band structure was observed in Monte Carlo simulations.9 The
pseudogaps were related8 to multiple reabsorption of electrons with the creation of
states with double site occupancies.
The temperature variation of the DOS for somewhat smaller repulsion, U = 5.1t,
is shown in Fig. 4. A quasiparticle peak at ω = 0 is seen in panel (a). This spectral
feature is inherent in a metallic state. With a small temperature decrease the peak
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Fig. 4. The density of states for U = 5.1t, µ = 2.55t and temperatures T = 0.62t (a), 0.49t (b)
and 0.29t (c).
is changed to a dip or a gap characteristic for an insulator (panel b). For this U the
metal-insulator transition occurs near T = 0.6t, which is close to the result obtained
with account of only short-range fluctuations.3 For other considered values of U
transitions temperatures were found also to be close to those obtained in Ref. [3].
It can be concluded that short-range fluctuations play the main role in determining
the locations of the transition curve in the considered parameter ranges. The curve
is shown in Fig. 7 in Ref. [3]. It goes from larger U and T to smaller values of these
quantities.
The above results were obtained for temperatures T & 0.3t. At a further tem-
perature lowering the convergence of the iteration procedure is impaired. This is
connected with the decrease of the determinant of the system of four linear equa-
tions (9). The decrease is most pronounced at k = (pi, pi) and j = j′. The vanishing
determinant leads to the divergence of quantities yi that entails the divergence of
the ladder sum Vsk (8) and spin susceptibility χs(kν) at the antiferromagnetic or-
dering vector k = (pi, pi) and at the frequency ων = 2νpiT = 0. Hence the vanishing
determinant signals the transition to the long-range antiferromagnetic order. The
transition temperature TAF is nonzero, for U = 8t it is approximately equal to 0.24t.
Transition temperatures for other considered values of U in 8×8 and 16×16 lattices
are close to TAF specified above. The finite value of this quantity is in contradic-
tion with the Mermin-Wagner theorem.11 This indicates that the approximation
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Fig. 5. The density of states for U = 8t, T = 0.32t, µ = 2.5t (a, n¯ = 0.97), µ = 2t (b, n¯ = 0.93),
µ = 1.7t (c, n¯ = 0.89) and µ = 1.5t (d, n¯ = 0.86).
of the four-leg diagram V ph
ir
by the second-order cumulant, which was used above,
somewhat overestimates the interaction.
The determinant of the second system of linear equations (11) decreases also
with temperature. However, this decrease is much smaller than that in the system
(9), and the determinant never goes to zero. Therefore, the ladder sum Vck (10)
and charge susceptibility χc(kν) do not diverge. This result indicates that there
is no charge ordering in the normal-state t-U Hubbard model. A deviation from
half-filling does not change this conclusion.
Let us consider changes in the DOS caused by this deviation. Due to the particle-
hole symmetry of Hamiltonian (1) only the case n¯ < 1 will be examined, where
n¯ = 2
∫∞
−∞
ρ(ω)[exp (ω/T ) + 1]−1dω is the electron concentration. The case U = 8t
and T = 0.32t is shown in Fig. 5. The most prominent consequence of doping
is the splitting out of a narrow band from the Hubbard subband, in which the
Fermi level is located. Between the narrow band and the subband a pseudogap
is formed near ω = 0. Notice that the segregated band and the pseudogap are
only observed for large repulsions and temperatures close to TAF, which points
to a key role of long-range antiferromagnetic fluctuations in their formation. This
resembles the mechanism of the pseudogap formation in the 2D t-J model, where
the pseudogap arises owing to the spin-polaron band, which is segregated from a
Hubbard subband due to an interaction of carriers with spin excitations in the
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antiferromagnetic background.14 As seen from comparison of Figs. 3(c) and 5, the
appearance of the segregated band is accompanied with a strong redistribution of
the spectral intensity, which is an indication of strong electron correlations. Doping
leads to much weaker spectral redistributions in cases of larger temperatures and
smaller repulsions.
With doping the determinant ∆ of the system (9) remains at a minimum for
k = (pi, pi) and j = j′, and this value increases with a rise of |1− n¯|, that points to
a reduction of the antiferromagnetic correlation length with doping. An analogous
behaviour is observed in cuprates.15
4. Concluding remarks
In this work, the SCDT was used for investigating the influence of long-range spin
and charge fluctuations on electron spectra of the two-dimensional t-U Hubbard
model. The infinite sequence of diagrams with ladder inserts, which were constructed
from cumulants of the first and second orders, was included into the irreducible part.
These diagrams give an account of the interactions of electrons with spin and charge
fluctuations. The obtained equations were solved by iteration, mainly in 8×8 and
16×16 lattices, for the ranges of Hubbard repulsions 4t ≤ U ≤ 8t and temperatures
0.3t . T . t.
At half-filling, the inclusion of long-range fluctuations does not cardinally change
the location of the metal-insulator transition curve in the U -T plane in comparison
with that obtained with account of only short-range fluctuations. In the used ap-
proximation it is these latter fluctuations that determine the location of the curve
in the considered parameter ranges. The curve goes from larger U and T to smaller
values of these quantities.
The inclusion of long-range spin fluctuations leads to the transition to the long-
range antiferromagnetic order at TAF ≈ 0.2t. The non-zero value of TAF indicates
that the used approximation for the four-leg vertex somewhat overestimates the
interaction. The used approach allows one to improve this result by including sums
of transversal ph and pp ladders in the vertex V ph
ir
. With doping the deterioration
of the antiferromagnetic ordering is observed, which is analogous to that in cuprate
perovskites. We found no indication of a charge ordering in the considered model.
For strong repulsions and low temperatures doping leads to the splitting out
of the narrow band from a Hubbard subband. Between these band and subband a
pseudogap is formed near the Fermi level. As in the 2D t-J model, the segregated
band and the pseudogap arise due to the interaction of electrons with long-range
antiferromagnetic fluctuations.
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